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HAMILTONIAN FLOER THEORY FOR
NONLINEAR SCHRO¨DINGER EQUATIONS
AND THE SMALL DIVISOR PROBLEM
OLIVER FABERT
Abstract. We prove the existence of infinitely many time-
periodic solutions of nonlinear Schro¨dinger equations using pseudo-
holomorphic curve methods from Hamiltonian Floer theory. For
the generalization of the Gromov-Floer compactness theorem to
infinite dimensions, we show how to solve the arising small divi-
sor problem by combining elliptic methods with results from the
theory of diophantine approximations.
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1. Hamiltonian partial differential equations
Nonlinear Schro¨dinger equations play a very important role in math-
ematical physics and have applications in, e.g., solid state physics,
condensed matter physics, quantum chemistry, nonlinear optics, wave
propagation, protein folding and the semiconductor industry. In con-
trast to the well-known linear Schro¨dinger equation describing the time
evolution of the quantum wave function of a single particle, nonlinear
Schro¨dinger equations are classical field equations describing multi-
particle systems, where the nonlinearity models the interaction between
different particles. An example of a nonlinear Schro¨dinger equation is
the so-called Gross-Pitaevskii equation
i∂tu = −∆u + c|u|2u + V (t, x)u,
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which plays an important role in the theory of Bose-Einstein conden-
sates. Here u = u(t, x) ∈ C is a complex-valued function depending
on time and space, ∂t is the derivative with respect to the time t ∈ R,
∆ denotes the Laplace operator with respect to the space coordinate
x, V (t, x) is a time-dependent exterior potential and c ∈ R is a
scalar whose sign depends on whether the particles are attracting or
repelling each other. Here and in what follows we restrict ourself to
the case of one spatial dimension for notational simplicity; we claim
that everything, including our main theorem, can be generalized to
the higher-dimensional case.
Nonlinear Schro¨dinger equations are important examples of
Hamiltonian partial differential equations, where we refer to [9] for
definitions, statements and further references. This means that they
can be written in the form ∂tu = X
H
t (u), where the Hamiltonian
vector field XHt is determined by the choice of a (time-dependent)
Hamiltonian function H = Ht and a linear symplectic form ω. Here
a bilinear form ω : H×H → R on a real Hilbert space H is called
symplectic if it is anti-symmetric and nondegenerate in the sense that
the induced linear mapping iω : H→ H∗ is an isomorphism. As in the
finite-dimensional case it can be shown that for any symplectic form ω
there exists a complex structure J0 on H such that ω, J0 and the real
inner product 〈·, ·〉R on H are related via 〈·, ·〉R = ω(·, J0·).
In the case of nonlinear Schro¨dinger equations on the circle S1 =
R /2π Z one chooses the complex Hilbert space H = L2(S1,C) of
square-integrable complex-valued functions on the circle which nat-
urally can be viewed as a real Hilbert space by identifying C with
R
2. The standard complex inner product 〈·, ·〉C is related to the stan-
dard real inner product 〈·, ·〉R and the standard symplectic form ω
by 〈·, ·〉C = 〈·, ·〉R + iω and the symplectic form is related to the
real inner product via ω = 〈J0·, ·〉R with J0 = i denoting the stan-
dard complex structure on H. In order to stress the relation with
the finite-dimensional case of R2n = Cn, note that, using the Fourier
series expansion u(x) = (2π)−1/2
∑∞
n=−∞ uˆ(n) · exp(inx) and writing
uˆ(n) = qn+ipn for all n ∈ Z, it follows that the symplectic Hilbert space
L2(S1,C) can be identified with the space ℓ2(C) of square-summable
complex-valued series uˆ : Z → C equipped with the symplectic form
ω =
∑+∞
n=−∞ dpn ∧ dqn. The corresponding Hamiltonian function is of
the form
Ht(u) =
∫ 2π
0
|ux(x)|2
2
dx + Ft(u)
with
Ft(u) =
∫ 2π
0
1
2
f(|u(x)|2, x, t) dx,
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where f is a smooth, real-valued function on R+×S1 × R.
Note that the Gross-Pitaveskii equation is recovered by setting
f(|u(x)|2, x, t) := c/2 · |u(x)|4 + V (t, x) · |u(x)|2.
2. Nonlinear Schro¨dinger equations of convolution type
While the symplectic form ω is nondegenerate on L2(S1,C), the
Hamiltonian Ht is only well-defined and smooth on its dense subspace
H1,2(S1,C). While this is apparent for the first summand as it
involves the first derivative, observe that even the Hamiltonian Ft
modelling the nonlinearity is not defined on all of H when the resulting
Schro¨dinger equation is truely nonlinear. This in turn leads to true
problems with the existence of the corresponding Hamiltonian flow
φt = φ
H
t , describing the time-evolution of solutions of the nonlinear
Schro¨dinger equation.
We start with the case of the free nonlinear Schro¨dinger equation,
that is, when the nonlinearity f is equal to zero. Note that in this case
the Hamiltonian Ht simplifies to
H0(u) =
∫ 2π
0
|ux(x)|2
2
dx =
+∞∑
n=−∞
n2
2
|uˆ(n)|2.
While the resulting Hamiltonian vector field X0(u) = i∆u is only de-
fined on H2,2(S1,C), we can prove the following result about the cor-
responding flow φ0t .
Proposition 2.1. The flow of the free Schro¨dinger equation is given
by
φ0t (u) = exp(it∆)(u) =
∞∑
k=0
(it)k
k!
·∆k(u).
For fixed time t it preserves the L2-norm and hence defines a linear
symplectomorphism on the full symplectic Hilbert space H = L2(S1,C),
which restricts to a finite-dimensional linear symplectomorphism on
every C2k+1 := {u ∈ H : uˆ(n) = 0 for all |n| > k}.
Proof. In order to see this, observe that, after applying the Fourier
transform, the symplectic vector field X0(uˆ)(n) = in2 · uˆ(n) has a
linear flow given by
φ0t (uˆ)(n) = exp(itn
2) · uˆ(n), n ∈ N .
Since in every frequency it multiplies the Fourier coefficient by a com-
plex number of norm one, the claims follow. 
On the other hand, if the Hamiltonian Ft describing the nonlinearity
is only densly defined, it is typically a very hard problem to establish
the existence of a corresponding Hamiltonian flow φFt on the full phase
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space H. The problem is that the flow on H is no longer the unique
solution of an ordinary differential equation given by the Hamiltonian
vector field XFt . In order to circumvent problems arising from missing
regularity in the nonlinear term, in this paper we hence work with a
modification of the classical nonlinear Schro¨dinger equation, see [9].
Definition 2.2. A nonlinear Schro¨dinger equation of convolution type
is a Hamiltonian PDE with Hamiltonian Ht = H
0+Ft on the symplec-
tic Hilbert space H = L2(S1,C), where the Hamiltonian defining the
nonlinearity is now defined as
Ft(u) :=
∫ 2π
0
1
2
f(|(u ∗ ψ)(x)|2, x, t) dx
with (u ∗ ψ)(x) = 〈u, ψ(x − ·)〉C, where ψ ∈ C∞(S1,R) is some fixed
smoothing kernel, and f still denotes a smooth, real-valued function on
R
+×S1 × R.
Instead of considering density functions of the form f(|u(x)|2, x, t),
from now on we hence consider density functions of the form f(|(u ∗
ψ)(x)|2, x, t). Nonlinear Schro¨dinger equations of convolution type de-
scribe multi-particle systems with nonlocal interaction. The compar-
ison with the above example and a short computation show that the
resulting nonlinear Schro¨dinger equations are given by
i∂tu = −∆u + ∂1f(|u ∗ ψ|2, x, t)(u ∗ ψ) ∗ ψ,
where ∂1f means derivative with respect to the first coordinate and
convolution is understood with respect to the space coordinate.
We collect important observations about these class of equations in
the following
Proposition 2.3. For every nonlinear Schro¨dinger equation of convo-
lution type the resulting flow is given by the composition φt = φ
G
t ◦ φ0t
of the flow φ0t of the free Schro¨dinger equation with the Hamiltonian
flow of Gt = Ft ◦ φ0−t. The time-dependent Hamiltonian functions
F : R×H → R as well as G : R×H → R are smooth; in particular,
for fixed time t the map φt : H → H is a smooth symplectomorphism
defined on the full Hilbert space H = L2(S1,C). Furthermore, every-
thing descends to the projective Hilbert space P(H) equipped with the
Fubini-Study form.
Proof. Since the convolution of a function u ∈ L2(S1,C) with the
smooth function ψ ensures that the resulting function is smooth,
i.e., u ∗ ψ ∈ C∞(S1,C), it immediately follows that the Hamiltonian
F is well-defined and smooth on all of R×H. Furthermore, since
φ0−t(u) ∗ ψ = φ0−t(u ∗ ψ) = u ∗ φ0−t(ψ) and φ0t is infinitely often
differentiable with respect to t on C∞(S1,C) ⊂ H, it follows that the
Floer theory for Hamiltonian PDE 5
same continues to hold for G.
On the other hand, while it immediately follows from the fact that
φ0t is a unitary linear map that φ
0
t descends to the projectivization
P(H) of H, in order to prove the same for the Hamiltonian flows of
F (and hence of G), we first introduce the new Hamiltonian function
K : H → R given by (half the square of) the Hilbert space norm,
K(u) = |u|2/2. With this it remains to prove that the Hamiltonian
flow of F preserves the Hamiltonian K and vice versa. Since
XK(F ) = −XF (K) = ω(XF , XK) = 〈XF ,∇K〉R
wiht ∇K(u) = u, it suffices to show that, at every point u ∈ H, the
symplectic gradient XF (u) = XFt (u) = i∂1f(|(u ∗ ψ)(x)|2, x, t)(u ∗ ψ) ∗
ψ ∈ H is perpendicular to u with respect to the real inner product on
H = L2(S1,R2). First observe that the statement is immediately clear
if u is truely real (that is, u(x) ∈ R ⊂ C for all x ∈ S1) or truely
imaginary, as in this case XF (u) is truely imaginary, or truely real,
respectively. For the general case write u = uR + iuI and X
F (u) =
XFR (u) + iX
F
I (u) with real-valued functions uR, uI , X
F
R , X
F
I . In this
case we can use the compatibility of the real L2-inner product with
the product and convolution of functions to show that 〈uR, ∂1f(|(u ∗
ψ)(x)|2, x, t)(uI∗ψ)∗ψ〉 is equal to 〈uI , ∂1f(|(u∗ψ)(x)|2, x, t)(uR∗ψ)∗ψ〉,
which in turn proves that
〈u,XF (u)〉 = 〈uI , XFR (u)〉 − 〈uR, XFI (u)〉 = 0,
finishing the proof of the proposition. 
In what follows we view the projective Hilbert space as quotient of
the unit sphere S(H) in H by the action of U(1) = S1, P(H) = S(H)/S1.
Note that studying the Schro¨dinger equation on P(H) in place of H is
also natural from the view point of quantum physics.
3. Statement of the main theorem
From now on let us assume that the nonlinear term in
the Schro¨dinger equation is one-periodic in time, that is,
f(|(u ∗ ψ)(x)|2, x, t + 1) = f(|(u ∗ ψ)(x)|2, x, t). Then it follows
that every nonlinear Schro¨dinger equation defines a flow φt = φ
H
t on
the projective Hilbert space P(H) where the underlying Hamiltonian
is one-periodic in time, Ht+1 = H
0 + Ft+1 = H
0 + Ft = Ht.
In the case of time-one-periodic smooth Hamiltonians on finite-
dimensional projective spaces CPn = P(Cn+1) we have the following
famous
Theorem 3.1. ([7],[14]) The time-one map of a Hamiltonian flow on
CPn always has at least n+1 fixed points, that is, the degenerate version
of the famous Arnold conjecture holds.
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Viewing the Hamiltonian flow φt on P(H) defined by the nonlinear
Schro¨dinger equation of convolution type as an infinite-dimensional
generalization, it is natural to ask whether an analogue of the Arnold
conjecture also holds in this infinite dimensional context, establishing
the existence of infinitely many fixed points of the time-one map.
But first, in order to show that the generalization to infinite dimen-
sions is not trivial and we can only expect it to hold after imposing
restrictions, we first give the following counterexample.
Proposition 3.2. There exists a smooth Hamiltonian function on
P(H) whose time-one map has no fixed points at all.
Proof. The function L defined by
L : H→ R, L(u) :=
∫ 2π
0
V (x)
|u(x)|2
2
dx
decends to a function on the symplectic quotient P(H) = S(H)/S1,
since its flow map is given by (φLt (u))(x) = exp(itV (x)) · u(x) and
hence preserves the L2-norm. In the same way it can be seen that
u ∈ S(H) is a fixed point of φL1 on P(H) if and only if there exists some
a ∈ R such that for all x ∈ S1 we have exp(iV (x))·u(x) = exp(ia)·u(x)
and hence either (V (x)− a)/2π ∈ Z or u(x) = 0. For a generic choice
of the function V : S1 → R it follows that u(x) = 0 almost everywhere
and hence u = 0 6∈ S(H), resulting in the fact that its time-one map on
P(H) has no fixed points at all. 
Like for the linear Schro¨dinger equation, in our proof the appearance
of the Laplace term in the nonlinear Schro¨dinger equations turns out to
be essential to find infinitely many fixed points. Before we turn to the
general case, we first have a look at the free Schro¨dinger equation where
Ft = 0. The proof of the following proposition is an easy exercise.
Proposition 3.3. After passing to the projectivization, the time-one
flow map φ0 = φ01 of the free Schro¨dinger equation on P(H) has infin-
itely many different fixed points u0n given by the complex oscillations,
u0n : S
1 → C, u0n(x) =
1√
2π
exp(inx) for every n ∈ N .
From now on let Ft, Gt = Ft ◦ φ0−t and φ0t , φt = φGt ◦ φ0t denote
the corresponding functions and flows on the projective Hilbert space
P(H) = S(H)/S1. Furthermore recall that the Hofer norm of the time-
periodic Hamiltonian Ft is defined as
|||F ||| :=
∫ 1
0
(maxFt −minFt) dt
By generalizing Floer theory to the case of infinite-dimensional sym-
plectic manifolds, in this paper we prove the following infinite-
dimensional version of the Arnold conjecture.
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Theorem 3.4. Assume that, after descending to the projectivization,
the Hofer norm |||F ||| of the Hamiltonian defining the nonlinearity is
smaller than π/4. Then for every fixed point u0n, n ≥ 4 of the time-one
map φ01 of the free Schro¨dinger equation there exists a fixed point u
1
n
of the time-one map φ1 of the given nonlinear Schro¨dinger equation
of convolution type, and a Floer curve u˜n : R×R → P(L2(S1,C))
which connects u0n and u
1
n. Furthermore all fixed points u
1
n, n ≥ 4 of
φ1 : P(L
2(S1,C))→ P(L2(S1,C)) are different.
Note that every fixed point u1n ∈ P(L2(S1,C)) corresponds to a
weak solution of the nonlinear Schro¨dinger equation which, after tak-
ing the modulus, is periodic with respect to space and time. Since it
follows from our proof that we actually have u1n ∈ P(C∞(S1,C)) ⊂
P(L2(S1,C)), we indeed get the following stronger
Corollary 3.5. Under the given condition on the Hofer norm, there
are infinitely many different strong solutions u : R×R → C of the
equation
i∂tu = −∆u + ∂1f(|u ∗ ψ|2, x, t)(u ∗ ψ) ∗ ψ
which are periodic in space and time with respect to the amplitude,
|u(t+ 1, x)| = |u(t, x)| = |u(t, x+ 2π)|,
and are normalized in the sense that
‖u(t, ·)‖22 :=
∫ 2π
0
|u(t, x)|2 dx = 1.
We first explain the statement about the existence of a Floer curve
connecting the fixed point u0n of the free Schro¨dinger equation with a
fixed point u1n of the given Schro¨dinger equation of convolution type,
which we view as a path u1n : R→ P(H) with u1n(t+1) = φ0(u1n(t)) and
∂tu
1
n = X
G
t (u
1
n). With this we mean a smooth map u˜ = u˜n : R×R →
P(H) with u˜(·, t+ 1) = φ0(u˜(·, t)) satisfying the Floer equation
0 = ∂¯u˜ − ϕ(s) · ∇Gt(u˜),
where ∂¯ = ∂s+i∂t denotes the standard Cauchy-Riemann operator and
ϕ is a smooth cut-off function with ϕ(s) = 0 for s ≤ −1 and ϕ(s) = 1
for s ≥ 0 and slope 0 ≤ ϕ′(s) ≤ 2. It connects u0n and u1n in the
sense that there exist two sequences (s±γ ) of real numbers, s
±
γ → ±∞
with u˜n(s
−
γ , ·) → u0n, u˜n(s+γ , ·) → u1n as γ → ∞; the latter weaker
asymptotic condition is a consequence of the fact that we do not want
to assume that the nonlinearity is generic in the sense that all orbits
are isolated. Since our proof indeed shows that u˜ = u˜n has image in
P(C∞(S1,C)) ⊂ P(L2(S1,C)), every Floer curve provides us with a
strong solution u˜ : R×R×R → C of a partial differential equation of
perturbed Cauchy-Riemann-Schro¨dinger type,
∂su˜ + i∂tu˜ = −∆u˜ + ∂1f(|u˜ ∗ ψ|2, x, t)(u˜ ∗ ψ) ∗ ψ,
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satisfying periodicity and asymptotic conditions.
We will show below that the Hofer norm is indeed always finite for
nonlinearities of convolution type, so that the condition can always be
fulfilled after rescaling the function f or, equivalently, rescaling the
time or space variables. Furthermore, we do not claim that the bound
on the Hofer norm is sharp in any sense; indeed we only want to stress
the fact that this is not a perturbative result in the spirit of KAM
theory.
On the other hand, in contrast to the case of Floer theory in finite
dimensions, we are for the first time faced with the famous small divisor
problem that plays an important role in KAM theory, see [5] for the case
of the nonlinear Schro¨dinger equation. Following the proof of propo-
sition 2.1, the complex eigenvalues of the (linear) time-one flow map
φ01 = exp(i∆) are given by the sequence exp(in
2) ∈ C, n ∈ N. After re-
stricting to a finite-dimensional subspace C2k+1 ⊂ H and passing to the
projectivization, it follows that all fixed points of φ01 are nondegenerate
in the sense that one is not an eigenvalue of the linearized return map.
On the other hand, after passing to the infinite-dimensional case, the
latter is no longer true, as a subsequence of eigenvalues converges to 1.
In order to deal with the resulting lack of nondegeneracy of the time-
one flow map of the free Schro¨dinger equation, we will use a deep result
from the theory of diophantine approximations, proved using methods
from analytic number theory. In essence, we have to use that the space
period 2π cannot be approximated too well by rational multiples of the
time period 1.
Remark 3.6. Before we turn to the proof of the main theorem, the
followings remarks in order:
i) While KAM theory for Hamiltonian PDE’s has already been
studied in a number of papers, the only global (i.e., non-
perturbative) results that are known to the author are gener-
alizations of the seminal work of P. Rabinowitz in [11] on the
existence of time-periodic solutions of the nonlinear wave equa-
tion, see [2] for an overview. In order to avoid the problem
with small divisors, Rabinowitz only considers the case where
the time period is a natural multiple of the space period.
ii) While the result of Rabinowitz hence only holds for very special
space periods, our theorem continues to hold when the space
period 2π is replaced by any other space period L and the time
period 1 is replaced by any other time period T as long as the
quotient θ := L2/(2π·T ) is still a diophantine real number in the
sense that there exist r > 0 and c > 0 such that infp∈Z |θ−p/q| ≥
c/qr for all q ∈ N. Since the set of diophantine numbers has
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full Lebesgue measure, it follows that our theorem actually holds
true for generic choices for the space and for the time period.
Forgetting for the moment that we are working in the setting of
infinite-dimensional symplectic manifolds, following Gromov’s exis-
tence proof of symplectic fixed points in [8] the idea would be to
study moduli spaces of Floer curves (u˜, T ), where T > 00 is some
non-negative real number and u˜ = u˜n,T now denotes a smooth map
u˜ : R×R → P(H) with u˜(·, t + 1) = φ0(u˜(·, t)), which now satisfies
the asymptotic condition u˜(s, t) → u0n as s → ±∞ as well as the T -
dependent perturbed Cauchy-Riemann equation
∂¯TGu˜ = ∂¯u˜ − ϕT (s) · ∇Gt(u˜) = 0.
Here ϕT : R → R now denotes a smooth family of smooth cut-off
functions with ϕT (s) = 0 for s ≤ −1 and s ≥ 2T + 1, ϕT (s) = 1 for
s ∈ [0, 2T ] and slope 0 ≤ ϕ′T (s) ≤ 2 for s < 0 and −2 ≤ ϕ′T (s) ≤ 0
for s > 0. Assuming that, as in the case of finite-dimensional
projective spaces, one could compactify the above moduli space by
just adding broken holomorphic curves corresponding to the case
that T converges to +∞, see [4] and the references therein, one
would be able to show that for every n ∈ N there exists a Floer
curve connecting the fixed point u0n of the free Schro¨dinger equation
with a fixed point u1n of the given Schro¨dinger equation of convo-
lution type. In order to see that there are indeed infinitely many
different fixed points u1n, we will use bounds for their symplectic action.
On the other hand, it is quite apparent that the underlying theory
of pseudo-holomorphic curves does not instantly carry over from
finite to infinite dimensions. In particular, the non-compactness of
the target manifold leads to the fact that Gromov’s compactness
theorem does not naturally generalize from finite-dimensional pro-
jective spaces to P(H). For our proof we will make use of the fact
that the Hamiltonian function F on P(H) defining the nonlinearity
can be approximated uniformly by finite-dimensional Hamiltonian
functions F k on CP2k ⊂ P(H). Since the existence of Floer curves
u˜k = u˜kn,Tk : R×R → CP2k ⊂ P(H) with Tk → ∞ is guaranteed
for every finite-dimensional Hamiltonian F k, the idea is to show
that a subsequence converges in the C∞loc-sense to a Floer curve
u˜ = u˜n : R×R → P(H) as in the main theorem. The fact that
Gromov-Floer compactness still holds now relies on the following two
key observations: First, the bubbling-off argument needed to uniformly
bound the derivatives of the sequence u˜k still works. And secondly,
although the target manifold is not compact and the time-one map is
degenerate in the sense that a sequence of eigenvalues converges to
1, C0-convergence of the Floer curves can still be established as long
as the infinite-dimensional nonlinearity is better approximated by
10 O. Fabert
finite-dimensional ones than that the space period 2π is approximated
by rational multiples of the time period 1. For the proof of the latter
we use the aforementioned result from number theory.
This paper is organized as follows: While in section 4 we show how
finite-dimensional symplectic Floer theory can be used to prove our
main theorem in the special case of so-called finite-dimensional nonlin-
earities, in section 5 we discuss finite-dimensional approximations for
general infinite-dimensional nonlinearities. In section 6 we show that a
corresponding sequence of finite-dimensional Floer curves has bounded
derivatives, using a bubbling-off argument in projective Hilbert space.
Together with a result from the theory of diophantine approximations,
we will show that this will be sufficient to control C0-convergence in in-
finite dimensions in section 7 and finish the proof of our main theorem
in section 8.
4. Floer curves in complex projective spaces
Before we turn to the general case, we first restrict ourselves to the
case of finite-dimensional nonlinearities. Based on Floer’s proof of the
Arnold conjecture in finite dimensions we show
Proposition 4.1. Assume the nonlinearity is finite-dimensional in the
sense that the support of the Fourier transform ψˆ : Z → C of the
smoothing kernel ψ is finite, that is, supp(ψˆ) ⊂ {−k, . . . ,+k} for some
natural number k. Then the statement of the main theorem holds.
Identifying the symplectic Hilbert space H with ℓ2(C) using the
Fourier transform, it follows that G just depends on its value after
applying the projection πk : H → C2k+1 onto the finite-dimensional
symplectic subspace C2k+1 = {uˆ ∈ H : uˆ(n) = 0 for all |n| > k}. In
other words we have G = Gk := G ◦ πk, so that at every point the
gradients ∇Gt and XGt are vectors in C2k+1 ⊂ H. Note that, together
with proposition 2.1, this implies that the flow φt on P(H) restricts to
a symplectic flow φkt on CP
2k.
With this the proof essentially relies on the following existence result
of Floer curves in finite-dimensional complex projective spaces. From
now on let us assume that the Hofer norm |||F ||| of Ft on P(H) is
strictly smaller than π/4. Furthermore, let ϕT : R → R, T > 0 ∪ {0}
denote a smooth family of smooth cut-off functions as in section 3, i.e.
with ϕ0 = 0 and ϕT (s) = 0 for s ≤ −1 and s ≥ 2T + 1, ϕT (s) = 1 for
0 ≤ s ≤ 2T and slope 0 ≤ ϕ′T (s) ≤ 2 for s < 0 and −2 ≤ ϕ′T (s) ≤ 0 for
s > 0 as long as T ≥ 1. Furthermore the natural Riemannian norm on
CP2k is denoted by | · |.
Proposition 4.2. Let k ∈ N and T > 0 ∪ {0}. Then for every n ≤ k
there exists a smooth map u˜ = u˜n = u˜
k
n,T : R×R → CP2k, called
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Floer curve, satisfying the periodicity condition u˜(·, t+1) = φ01(u˜(·, t)),
the asymptotic condition u˜n(s, ·)→ u0n as s → ±∞, and the perturbed
Cauchy-Riemann equation
0 = ∂¯TGu˜ = ∂¯u˜− ϕT (s) · ∇Gkt (u˜).
Furthermore, for the resulting families of maps u˜ = u˜n we have that
the energy E(u˜n) defined by
E(u˜n) :=
∫ +∞
−∞
∫ 1
0
1
2
(|∂su˜n|2 + |∂tu˜n − ϕT (s) ·XG,k(u˜n)|2) dt ds
is bounded by 2|||Gk||| < π/2.
Proof. For the proof one observes that, for every k ∈ N, CP2k is a
closed symplectic manifold where the energy of a holomorphic sphere
is bounded from below by π. Since, for every n ≤ k, u0n ∈ P(H)
given by u0n(x) = exp(inx) is a fixed point of φ
0
1 in CP
2k, it follows
that the existence of the map u˜ = u˜kn,T for every T > 0 ∪ {0} can
be deduced using the properties of the moduli space of Floer curves
(u˜, T ) established in [4] and the references therein; an alternative proof
is provided by [3] by translating everything into a statement about
holomorphic curves in almost complex manifolds with cylindrical ends.
First we emphasize that an easy computation shows that the stan-
dard complex structure satisfies the periodicity condition (φ01)∗i = i
required in [4]. Assuming for the moment that transversality for the
Cauchy-Riemann operator ∂¯G given by ∂¯G(u˜, T ) = ∂¯
T
Gu˜ holds, it follows
that the moduli space of tuples (u˜, T ) is a one-dimensional manifold.
Since for T = 0 the constant curve u˜kn,0(s, t) = u
0
n staying over the fixed
point u0n ∈ CP2k of φ is the unique solution, the existence of a Floer
curve u˜kn,T for all T > 0 follows from the Gromov-Floer compactness
result. Here we emphasize that bubbling-off of holomorphic spheres is
excluded due to fact that the energy E(u˜) is bounded from above by
twice the Hofer norm of the Hamiltonian Gk, and the Hofer norm of
Gk is smaller than 1/2 the minimal energy of a holomorphic sphere
in CP2k; for an analogous statement see proposition 9.1.4 in [10]. Fi-
nally, since the Cauchy-Riemann operator ∂¯G cannot be expected to be
transversal, one first has to approximate i by a family of t-dependent al-
most complex structures Jνt , t ∈ R with Jν1 = (φ01)∗Jν0 in the sense that
Jνt → J0t = i as ν → 0. Then the Gromov-Floer compactness result in
[4] can be used again to deduce the existence of Floer curves for ν = 0
from the existence of Floer curves for ν 6= 0 for all T > 0. In particular,
we emphasize that one does not need more elaborate technology like
Kuranishi structures or polyfolds to establish the desired properties of
the moduli space. Concerning the additional statement, observe that
the bound on E(u˜) has already been used to exclude bubbling-off for
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compactness and it can be found in [10] (for the case of φ being the
identity). 
Note that, in the case of the free Schro¨dinger equation, the fixed
points u0n of the time-one map φ
0 are distinguished by their symplectic
action, defined in [4]. For this choose u00 = 1 as reference fixed point
and choose for each u0n a holomorphic curve u˜0n : R×R → P(H) with
u˜0n(·, t+ 1) = φ0(u˜0n(·, t)), u˜0n(s, ·)→ u0n as s→ +∞ and u˜0n(s, ·)→
u00 as s → −∞ given by a gradient flow line u0n : R → P(H) of H0
by u˜0n(s, t) = φ
0
t (u0n(s)). Then it can be shown that the symplectic
action A(u0n) defined in [4] is given by the Hamiltonian H0 itself,
A(u0n) :=
∫ +∞
−∞
∫ 1
0
ω(∂su˜0n, ∂tu˜0n) dt ds
=
∫ +∞
−∞
ω(∂su0n, i∇H(u0n)) ds
=
∫ +∞
−∞
∂s(H ◦ u0n) ds
= H0(u0n)−H0(u00)
with H0(u0n) = n
2/2, in particular, it grows quadratically with n ∈
N. Note that here we use the translation between Hamiltonian Floer
theory and Floer theory for general symplectomorphisms. Furthermore
we are building on the fact that H0 restricts to a smooth function
H0,k(u) =
+k∑
n=−k
n2
2
|uˆ(n)|2
on a finite-dimensional projective space CP2k ⊂ P(ℓ2(C)) and every
gradient flow line connecting u00 and u
0
n indeed stays inside this CP
2k
as long as n ≤ k.
In order to prove that we obtain sufficiently many different fixed
points of the time-one map φ1 of the given nonlinear Schro¨dinger equa-
tion of convolution type in the end, we want to make use of the fact
that, just as in the case of the free Schro¨dinger equation, they also can
be distinguished by their symplectic action. This is the content of the
following
Proposition 4.3. For every s ∈ [0, 2T ] the symplectic action
A(u˜n(s)) := An(u˜n(s)) of the path u˜n(s) = u˜n(s, ·) : R→ CP2k, defined
as ∫
u˜∗0nω +
∫ (
u˜n|(−∞,s)×R
)∗
ω +
∫ 1
0
Gkt (u˜n(s, t)) dt,
is well-defined in the sense that it is independent of n ∈ N. Further-
more, for m > n ≥ 4 it holds that |A(u˜m(s))−A(u˜n(s′))| > 1.
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Proof. For the definition of the symplectic action following [4] we use
that, after concatenation with the curve u˜0n : R×R → CP2k used in
the definition of the symplectic action A(u0n), the Floer curve u˜ = u˜n
can be used to connect u˜n(s) with u
0
0. For the well-definedness let us
assume that u˜m(s) = u˜n(s
′). Then one has to show that the concate-
nated curves u˜0m#u˜m|(−∞,s] and u˜0n#u˜n|(−∞,s′] are homotopic, that is,
the homotopical difference between u˜m|(−∞,s] and the concatention of
a holomorphic curve u˜nm : R×R→ CP2k connecting u0n with u0m given
by a gradient flow line of H0 with u˜n|(−∞,s′] represents the zero class in
π2(CP
2k). But since every gradient flowline is contractible, it suffices
to observe that the energy bound in proposition 4.2 implies that
−π <
∫ (
u˜m|(−∞,s]
)∗
ω −
∫ (
u˜n|(−∞,s′]
)∗
ω < +π,
so that the homotopical difference still has to be represented by the zero
class in π2(CP
2k). For the last statement note that the same proof as
used to establish the energy bound proves the inequality
∣∣An(u˜n(s))−
n2/2
∣∣ ≤ 2 · |||Gk||| < π/2. Together with the fact that A(u0m) −
A(u0n) = m2/2 − n2/2 > π + 1 for all m > n ≥ 4, we find that
|A(u˜m(s) − A(u˜n(s′))| > 1, in particular, u˜m(s) 6= u˜n(s′) for different
m > n ≥ 4. 
With this we can show that the main theorem holds for true in the
case of finite-dimensional nonlinearities.
Proof. (of proposition 4.1) As T tends to +∞, it follows from the uni-
form energy bound together with elliptic bootstrapping that the se-
quence u˜T = u˜
k
n,T of Floer curves converges in the C
∞
loc |-sense to a
smooth map u˜ : R×R→ CP2k with u˜(·, t+ 1) = φ01(u˜(·, t)). The map
u˜ satisfies the Floer equation 0 = ∂¯u˜ − ϕ(s) · ∇Gt(u˜), where ϕ is now
a smooth cut-off function with ϕ(s) = 0 for s ≤ −1 and ϕ(s) = 1 for
s ≥ 0. It connects the fixed point u0n of the free Schro¨dinger equation
with a fixed point u1n of φ1 in the sense that there exist sequences (s
±
γ )
of real numbers, s±γ → ±∞ with u˜(s−γ , ·) → u0n and u˜(s+γ , ·) → u1n as
γ → ∞. In order to see the latter, note that by the bound for the
energy E(u˜) from proposition 4.2, it follows that for every γ ∈ N there
exists γ ≤ |sγ| ≤ 2γ such that∫ 1
0
|∂tu˜(s±γ , t)− ϕ(s±γ )XG,kt (u˜(s±γ , t))|2 dt <
π
2γ
.
By compactness of CP2k we know, possibly after passing to a subse-
quence, that the sequence u˜(s±γ , 0) converges to a fixed point of φ
0
1
or φ1, respectively. In order to see that u˜(s
−
γ , ·) indeed converges to
the fixed point u0m of φ
0
1 with m = n, it suffices to observe that for
m > n ≥ 4 the action difference |A(u0m) − A(u0n)| = (m2 − n2)/2 is
greater than the uniform energy bound π/2. Further recall that the
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weaker asymptotic condition is a consequence of the fact that we do
not want to assume that the nonlinearity is generic in the sense that
all orbits are isolated. In order to see that u1m 6= u1n for all m > n ≥ 4,
observe that the inequality |A(u˜m,T (s))−A(u˜n,T (s′))| > 1 for all T > 0
and s, s′ ∈ [0, 2T ] implies that |A(u1m)−A(u1n)| > 1, where the action
of u1n is defined as
A(u1n) =
∫
u˜∗0nω +
∫
u˜∗nω +
∫ 1
0
Gkt (u˜(s, t)) dt,
and u˜n now denotes the Floer curve connecting u
0
n and u
1
n; furthermore
this definition of action is independent of n ∈ N by the same arguments
as used in the proof of proposition 4.3.
On the other hand, for m > n it follows that the fixed points u0n
with n > k of the free Schro¨dinger equation are also fixed points of φ1,
where the corresponding Floer curve u˜ = u˜n is just the constant curve
u˜n,0(s, t) = u
0
n = u
1
n, (s, t) ∈ R×R. 
In the case of finite-dimensional nonlinearities we see that the main
theorem can be proven by studying Floer curves in finite-dimensional
complex projective spaces. In preparation for the general statement,
we first show that everything is independent of the chosen ambient
finite-dimensional projective space.
Proposition 4.4. Assume that supp(ψˆ) ⊂ {−ℓ, . . . ,+ℓ}. For k ≥
ℓ ≥ n and T > 0 let u˜ = u˜kn,T : R×R → CP2k be a Floer curve
as in proposition 4.2. Then we have u˜(s, t) ∈ CP2ℓ ⊂ CP2k for all
(s, t) ∈ R×R.
Proof. Let u˜ℓ = πℓ ◦ u˜ : R×R → CP2ℓ denote the composition of
u˜ : R×R → CP2k with the projection from CP2k to CP2ℓ. We claim
that, in the case when n ≤ ℓ, that is, u0n ∈ CP2ℓ, we indeed have
that u˜ has image in CP2ℓ ⊂ CP2k and hence u˜ = u˜ℓ. Since u˜ = u0n ∈
CP2n ⊂ CP2ℓ for T = 0 and u˜ continues to be asymptotic to u0n for
T > 0, we will assume without loss of generality that the Floer curve
u˜ = u˜kn,T sits in the image of the coordinate map ϕn : C
2k → CP2k
around ϕn(0) = u
0
n; note also that the symplectomorphism φ
0
1 maps
the coordinate neighborhood to itself. With this we claim that we can
write u˜ as a pair of maps,
u˜ = (u˜ℓ⊥, u˜
ℓ) : R×R→ C2k−2ℓ×CP2ℓ,
where uℓ⊥ remembers the normal component. Note that else we
may still assume that the Floer curve u˜ sits in a tubular neighbor-
hood of CP2ℓ in CP2k, possibly after passing to 0 < T ′ < T ; in
that case we can still write u˜ as a pair of maps where uℓ⊥ is a sec-
tion in the normal bundle to the image of u˜ℓ, which still remains trivial.
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Now the important observation is that, since G = Gℓ = G ◦ πℓ, the
projection of ∇Gt to C2k−2ℓ vanishes. This however implies that the
perpendicular component u˜ℓ⊥ is truely holomorphic, that is, solves the
unperturbed Cauchy-Riemann equation ∂¯u˜ℓ⊥ = 0. Since u˜
ℓ
⊥(s, t) → 0
for s→ ±∞ as u0n ∈ CP2ℓ, we can employ Liouville’s theorem to show
that we have u˜ℓ⊥ = 0, that is, u˜ = u˜
ℓ. Note that, instead of referring to
Liouville’s theorem, the result can be viewed as a consequence of the
minimal surface property of pseudo-holomorphic curves. Indeed, in the
proof of proposition 7.1 below, we see that the result also follows from
the fact the L2-norm of ∂su˜
ℓ
⊥ is zero. 
Remark 4.5. The following observations are immediate:
i) By the same arguments it follows that, even if we first allowed
the Floer curve u˜ to live in the infinite-dimensional manifold
P(H), the finite-dimensionality of the nonlinearity ensures that
it actually lives in the finite-dimensional submanifold CP2ℓ.
ii) Along the same lines using Liouville’s theorem or the minimal
surface property, it is immediate to see that, in the case of n > ℓ,
the Floer curve is constant and the fixed point u0n ∈ CP2n of
the free Schro¨dinger equation thus agrees with the correspond-
ing fixed point u1n of the nonlinear Schro¨dinger equation with
convolution term.
5. From finite to infinite dimensions
For the general case everything furthermore relies on a finite-
dimensional approximation result of the flow of Gt (Ft), where we now
crucially make use of the special form of the nonlinearity. To this end,
define for the given convolution kernel ψ with Fourier series expansion
ψ(x) = (2π)−1/2
∑+∞
n=−∞ ψˆ(n) exp(inx) for each k ∈ N the approximat-
ing kernel
ψk(x) :=
1√
2π
k∑
n=−k
ψˆ(n) exp(inx)
and define the resulting sequence of Hamiltonians Gkt (F
k
t ) by
Gkt := F
k
t ◦ φ0−t with F kt (u) :=
1
2
∫ 2π
0
f(|(u ∗ ψk)(x)|2, x, t) dx
for all k ∈ N. Note that F kt then defines a finite-dimensional nonlin-
earity in the sense of proposition 4.1.
Lemma 5.1. For each k ∈ N the Hamiltonian flow φG,kt of the
Hamiltonian Gkt restricts to a finite-dimensional Hamiltonian flow on
CP2k ⊂ P(H). Furthermore the sequence of time-dependent Hamiltoni-
ans Gkt converges uniformly on P(H) with all derivatives to the original
Hamiltonian Gt as k → ∞. In particular, the same holds true for the
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symplectic gradients XG,k and XG, the symplectic time-one maps φG,k1
and φG1 , and the Hofer norm |||G||| of Gt : P(H)→ R is finite.
Proof. Based on the fact that the flow φ0t restricts to finite-dimensional
flows by proposition 2.1, for the first statement it suffices to observe
that the symplectic gradient XF,kt of F
k
t : H→ R given by
XF,kt (u) = ∂1f(|(u ∗ ψk)(x)|2, x, t)(u ∗ ψk) ∗ ψk
has vanishing Fourier coefficients, ̂XF,kt (u)(n) = 0, for |n| > k. Since
the supremum norm of u ∗ ψ − u ∗ ψk can be bounded by
‖u ∗ ψ − u ∗ ψk‖∞ ≤ ‖u‖2 · ‖ψ − ψk‖2,
it follows from ‖ψ−ψk‖2 → 0 as k →∞ and ‖u‖2 = 1 for all u ∈ S(H)
that u∗ψk → u∗ψ uniformly as k →∞. On the other hand, since f is
assumed to be smooth, it immediately follows that F kt (u)→ Ft(u) and
hence Gkt (u)→ Gt(u) as k →∞, uniformly with all derivatives. 
Since the smoothing kernel ψ is assumed to be smooth, we actually
know that ψk converges exponentially fast to ψ, that is, ‖ψ−ψk‖2 ·kδ →
0 as k → ∞ for every δ ∈ N. But this immediately implies that
the sequence of time-dependent Hamiltonians Gkt converges not only
uniformly but also exponentially fast with all derivatives to the original
Hamiltonian Gt as k →∞. This proves
Lemma 5.2. Indeed we have that |||G− Gk||| · kδ → 0 and |XG(u)−
XG,k(u)| · kδ → 0 as k →∞ for all δ ∈ N.
In this section we start with the proof of the main theorem.
Theorem 5.3. Assume that, after descending to the projectivization,
the Hofer norm |||F ||| of the Hamiltonian defining the nonlinearity is
smaller than π/4. Then for every fixed point u0n, n ≥ 4 of the time-one
map φ01 of the free Schro¨dinger equation there exists a fixed point u
1
n
of the time-one map φ1 of the given nonlinear Schro¨dinger equation
of convolution type, and a Floer curve u˜n : R×R → P(L2(S1,C))
which connects u0n and u
1
n. Furthermore all fixed points u
1
n, n ≥ 4 of
φ1 : P(L
2(S1,C))→ P(L2(S1,C)) are different.
Until further notice let us fix the natural number n ∈ N. Recall that
a Floer curve connecting the fixed point u0n of the free Schro¨dinger
equation with a fixed point u1n of the given Schro¨dinger equation of
convolution type is a smooth map u˜ = u˜n : R×R→ P(H) with u˜(·, t+
1) = φ0(u˜(·, t)) satisfying the Floer equation
0 = ∂¯u˜ − ϕ(s) · ∇Gt(u˜),
where ∂¯ = ∂s + i∂t denotes the standard Cauchy-Riemann operator
and ϕ is a smooth cut-off function with ϕ(s) = 0 for s ≤ −1 and
ϕ(s) = 1 for s ≥ 0. It connects u0n and u1n in the sense that there exist
Floer theory for Hamiltonian PDE 17
two sequences (s±γ ) of real numbers, s
±
γ → ±∞ with u˜n(s−γ , ·) → u0n,
u˜n(s
+
γ , ·) → u1n as γ → ∞; the latter weaker asymptotic condition is
a consequence of the fact that we do not want to assume that the
nonlinearity is generic in the sense that all orbits are isolated.
As mentioned in section 3, as a starting point we make use of the
fact that the infinite-dimensional nonlinearity F can be uniformly
approximated by the finite-dimensional Hamiltonians F k, together
with the fact that for every finite-dimensional Hamiltonians F k Floer
curves are known to exist.
To this end, choose Tk := k for all k ∈ N. By proposition 4.2, for
every n ≤ k there exists a Floer curve u˜k = u˜kn = u˜kn,Tk : R×R→ CP2k
for the finite-dimensional Hamiltonian Fk satisfying the periodicity con-
dition u˜k(·, t+1) = φ01(u˜k(·, t)), the asymptotic condition u˜kn(s, ·)→ u0n
as s→ ±∞, and the perturbed Cauchy-Riemann equation
0 = ∂¯u˜k − ϕTk(s) · ∇Gkt (u˜k).
Furthermore, we have that the energy E(u˜kn) defined by
E(u˜kn) :=
∫ +∞
−∞
∫ 1
0
1
2
(|∂su˜kn|2 + |∂tu˜kn − ϕTk(s) ·XG,k(u˜kn)|2) dt ds
is bounded by 2|||Gk|||, which is strictly less than π/2 for k sufficiently
large.
In what follows we are going to show that, possibly af-
ter passing to a subsequence, the sequence of Floer curves
u˜k = u˜kn : R×R → CP2k ⊂ P(H) will converge in the C∞loc-sense to
a Floer curve u˜ = u˜n : R×R → P(H) for the infinite-dimensional
Hamiltonian F as in the main theorem. Note that with the latter we
mean that u˜k converges in the C∞loc-sense to u˜. Our proof will rely on
bubbling-off analysis in infinite dimensions as well as a result from the
theory of diophantine approximations in order to deal with the small
divisor problem.
6. Bounded derivatives using bubbling-off analysis
As a first step we prove the following
Proposition 6.1. The Cα-norm of the maps u˜k = u˜kn,Tk is uniformly
bounded in k, that is,
sup
k≥n
‖u˜k‖Cα < ∞ for all α ∈ N .
Since for given n ∈ N every Floer curve u˜k is asymptotic to the
fixed point u0n of φ
0
1 (and for T = 0 is even given by the constant
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map to u0n), we will assume without loss of generality that every Floer
curve u˜k has image in the image of the corresponding coordinate chart
ϕn : C
2k → CP2k with ϕn(0) = u0n. Identifying u˜k with the map
ϕn ◦ u˜k, the above statement is to be understood with respect to the
standard norm on C2k. We stress that the symplectomorphism φ01 maps
the coordinate neighborhood to itself and preserves the norm. For the
proof we use an infinite-dimensional version of the classical bubbling-off
argument from ([10], chapter 4) together with elliptic regularity from
([10], appendix B). Here the crucial observation is that the bubbling-off
argument can indeed be adapted to the infinite-dimensional setting.
Lemma 6.2. The first derivatives ∂su˜
k(s, t), ∂tu˜
k(s, t) can be uni-
formly bounded in k, that is,
sup
k≥n
‖T u˜k‖∞ < ∞.
Proof. For the proof we use an infinite-dimensional version of the
classical bubbling-off argument from ([10], chapter 4). In order to
show that the supremum norm of ∂su˜
k is bounded, we are now
essentially going to use that the energy E(u˜k) of u˜k is strictly smaller
than the minimal energy of a holomorphic sphere in CP2k ⊂ P(H),
at least as long as k is sufficiently large. Under the assumption that
the gradient explodes, in contrast to the classical proof from finite
dimensions, we are not going to prove the existence of a holomorphic
sphere in order to derive a contradiction. In order to circumvent the
generalization of the underlying Gromov compactness statement to
infinite dimensions, we instead show that, when the gradient is large
enough, a bubble can be formed by adding in a small disk of diameter
smaller than the injectivity radius. The latter will be sufficient to
derive a contradiction. Note that, since ∂¯u˜k − ϕT (s)∇Gkt (u˜k) = 0 and
∇Gk → ∇G as k → ∞ due to lemma 5.1, a bound for the supremum
norm of ∂su˜
k implies that also the supremum norm of ∂tu˜
k is bounded.
To the contrary, assume that, possibly after passing to a subse-
quence, we have that Ck := max{|∂su˜k(z)| : z ∈ R×R} → ∞ and
choose for every k ∈ N a point zk0 ∈ S2 such that |∂su˜k(zk0 )| = Ck. In
the proof of this lemma the norm refers to the standard Riemannian
metric on CP2k; note that establishing a bound for the Riemannian
metric on CP2k establishes a bound in terms of the Euclidean metric on
C
2k after applying the coordinate chart ϕn. Note that the maximum
exists, due to the asymptotic condition and we assume without loss
of generality that zk0 = (0, 1/2). As in the classical bubbling-off proof
we define v˜k : B2√
Ck
(0) → CP2k by v˜k(z) := u˜k(z/Ck + zk0 ), such
that |∂sv˜k(0)| = 1 and |∂sv˜k(z)| ≤ 1 for all z ∈ B2√Ck(0). For each
r ∈ [0,√Ck] ⊂ R+ define γkr : S1 → CP2k by γkr (θ) := v˜k(reiθ). Denote
by ℓ the map which assigns to each loop γ : S1 → CP2k its length with
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respect to the canonical Riemannian metric and Eω(v) :=
∫
v∗ω the
symplectic area of a disk map v : B2r (0) → CP2k. With this we can
formulate the following
Claim: For every k there exists some ρk ∈ [
√
Ck/2,
√
Ck] such that
ℓ(γkρk) → 0. Furthermore, for sufficiently large k, we have for the
symplectic area of the restricted map v˜kρk = v˜
k : B2ρk(0) → CP2k
that Eω(v˜
k
ρk
) ≤ 2|||Gk||| < π and the a priori estimate
|∂sv˜k(0)|2 < Eω(v˜kρk)/(ρ2kπ) holds.
Setting w˜k(r, θ) = v˜k(reiθ) and using the finiteness of the C1-norm
of Gk, an easy computation shows that
Eω(v˜
k) −
∫
B2
1/
√
Ck
(z0)
1
2
(|∂su˜k|2 + |∂tu˜k − ϕTk(s)XG,kt (u˜k)|2) ds dt → 0
and hence∫ √Ck
0
∫ 2π
0
|∂θw˜k|2 rdθ dr−
∫
B2
1/
√
Ck
(z0)
1
2
(|∂su˜k|2+|∂tu˜k−ϕTk(s)XG,kt (u˜k)|2) ds dt
converges to 0 as Ck → ∞. Together with E(u˜k) ≤ 2|||Gk||| and
Cauchy-Schwarz, this implies that
(2π)−1 ·
∫ √Ck
√
Ck/2
(∫ 2π
0
|∂θw˜k|dθ
)2
dr ≤
∫ √Ck
√
Ck/2
∫ 2π
0
|∂θw˜k|2 dθ rdr < π
for k sufficiently large. In particular, by setting
ℓkmin := min{ℓ(γkr ) : r ∈ [
√
Ck/2,
√
Ck]},
it follows that ℓkmin ≤
√
2π2/(
√
Ck/2))→ 0 as k →∞; in other words,
for every ǫ > 0 there exists k0 ≥ n such that ℓkmin < ǫ if k ≥ k0.
For the result on the symplectic area it suffices to observe that
Eω(v˜
k) < 2|||Gk||| < π for k sufficiently large. On the other hand,
for the a priori estimate, we just need to observe that
∂¯v˜k = −C−1k ϕTk(s)∇Gkt (v˜k) → 0 as k →∞.
For this we make use of a quantative version of the maximum principle.
Using ∆ = ∂ ◦ ∂¯ with ∂ = ∂s − i∂t it follows that
∆∂sv˜
k = (∂ ◦ ∂s)(−C−1k ϕTk(s)∇Gkt (v˜k)) → 0 as k →∞.
On the other hand, setting v := ∂sv˜
k, it follows from Stokes’ theorem
for ǫ > 0 sufficiently small that
∂
∂r
( ∫ 2π
0
v(rǫeiθ) dθ
)
=
1
2
∫
Bǫ(0)
∆v(z) dz → 0 as k →∞.
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But this implies that
v(0)− 1
ǫ2π
∫
Bǫ(0)
v(z) dz → 0 as k →∞,
which together with
1
ǫ2π
∣∣∣
∫
Bǫ(0)
v(z) dz
∣∣∣ ≤ 1
ǫπ1/2
( ∫
Bǫ(0)
|v(z)|2 dz
)1/2
≤ 1
ǫπ1/2
‖∂sv˜‖2
implies the claim.
In order to finish the proof of the lemma we observe that, due to
the fact that the length of γkρk converges to zero, for k sufficiently large
there exists a filling disk γ˜kρk : B
2
1/ρk
(0) → CP2k with Eω(γ˜kρk) → 0 as
k → ∞: Indeed it is shown in remark 4.4.2 in [10] that, when the
length of γ : S1 → CP2k is smaller than half of the injectivity radius,
the map γ has a canonical local extension to a map γ˜ from the disk
defined using the exponential map; further it is shown there that there
exist ℓmax > 0 and c > 0 such that Eω(γ˜) ≤ cℓ(γ)2 if ℓ(γ) ≤ ℓmax. Even
more important, due to the symmetries of the canonical Riemannian
metric on CP2k (and the fact that the embedding of CP2ℓ into CP2k
respects the metric for ℓ ≤ k), it follows that the constants ℓmax > 0
and c > 0 are actually independent of the complex dimension 2k.
Since v˜kρk and γ˜
k
ρk
match on their boundaries, it follows that Eω(v˜
k
ρk
)+
Eω(γ˜
k
ρk
) = mπ for some m ∈ N. But since Eω(v˜kρk) +Eω(γ˜kρk) < π for k
sufficiently large, it follows that m = 0, in particular, Eω(v˜
k
ρk
) → 0 as
k →∞. Applying now the a priori estimate |∂sv˜k(0)|2 < Eω(v˜kρk)/(ρ2kπ)
for k sufficiently large, it follows that ∂sv˜
k(0)→ 0 - in contradiction to
|∂sv˜k(0)| = 1. 
Proof. (of the proposition) With the help of the above lemma, we
can now give the proof of proposition 8.1. As discussed above, in
order to keep the setup sufficiently simple, we will assume that
u˜k = u˜kn,Tk has image in the image of the corresponding coordinate
chart ϕn : C
2k → CP2k with ϕn(0) = u0n, and we will identify u˜k with
the map ϕn ◦ u˜k with image in C2k. For the proof we have to show
that the Cα-norm of u˜k is bounded uniformly in k ∈ N.
Since from the lemma we know that the maximum norms of ∂su˜
k
and ∂tu˜
k are bounded (uniformly in k), we already know that ‖u˜k‖C1
is bounded. In order to show that ‖u˜k‖Cα is bounded for all α ∈ N, we
apply the classical elliptic regularity result, together with lemma 5.1.
For this we fix some p > 2 and introduce for every α ≥ 1 the Sobolev
Hα,p-norm ‖ · ‖α,p = ‖ · ‖Hα,p which assigns to u˜k a non-negative real
number ‖u˜k‖α,p; note that here we restrict the map to R×[0, 1] ⊂
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R×R. By the well-known Sobolev embedding theorem relating the
Sobolev Hα,p-norms with the Cβ-norms for different α, β ∈ N, note
that for all β ≤ α− 2/p we have
‖u˜k‖Cβ ≤ c0 · ‖u˜k‖Hα,p with a constant c0 > 0,
where the constant c0 = c0(α, p) is independent of the dimension of
the target space.
We now prove by induction that ‖u˜k‖α,p is bounded for all α ≥
1. For the induction start, note that the bound on ‖u˜k‖C1 implies
that ‖u˜k‖H1,p is bounded. For the induction step, let us assume that
‖u˜k‖α,p is uniformly bounded in k. Note that ∂¯u˜k = ϕTk(s) ·∇Gkt (u˜k) is
equivalent to ∂¯u˜k = ηk with ηk = ϕTk(s)·∇Gkt (u˜k); in particular ‖ηk‖α,p
is bounded if and only if the Hα,p-norm of ∇Gkt (u˜k) is bounded. Since
by lemma 5.1 we have for all α ∈ N that ‖∇Gk‖Cα → ‖∇G‖Cα as
k →∞, it follows that ‖∇Gk‖Cα is bounded. By the second inequality
in ([10], proposition B.1.7) we have
‖∇Gkt (u˜k)‖Hα,p ≤ c1(‖∇Gkt ‖Cα + 1)‖u˜k‖Hα,p
with a constant c1 > 0 which is independent of the dimension of the
target space. Since ‖u˜k‖α,p is bounded, it follows that the Hα,p-norm
of ∇Gkt (u˜k) and hence ‖ηk‖α,p is bounded. In order to complete the
induction step, we apply the local regularity for the ∂¯-operator in ([10],
theorem B.3.4) in order to obtain
‖u˜k‖α+1,p ≤ c2
(‖∂¯u˜k‖α,p + ‖u˜k‖p),
where the constant c2 > 0 in ([10], theorem B.3.4) is again independent
of the dimension of the target space. Together with the boundedness
of ‖∂¯u˜k‖α,p = ‖ηk‖α,p and ‖u˜k‖p ≤ ‖u˜k‖α,p this proves that ‖u˜k‖α+1,p
is still bounded. 
7. Normal component and the small divisor problem
For some k ≥ ℓ ≥ n let u˜k = u˜kn,Tk : R×R → CP2k be the Floer
curve from proposition 4.2 and consider CP2ℓ ⊂ CP2k. As in the discus-
sion about the case of finite-dimensional nonlinearities, we will assume
without loss of generality that the Floer curve u˜k sits in the image of
the coordinate map ϕn : C
2k → CP2k around ϕn(0) = u0n. With this
we claim that we can again write u˜k as a pair of maps,
u˜k = (u˜k,ℓ⊥ , u˜
k,ℓ) : R×R→ C2k−2ℓ×CP2ℓ,
where u˜k,ℓ⊥ remembers the normal component. We stress that the
symplectomorphism φ0 = φ01 respects this splitting. Furthermore, a
computation in the local coordinates ϕn shows that its sequence of
eigenvalues is given by ei(m
2−n2), m ∈ N.
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In order to be able to show that the Floer curves u˜k converge in the
C∞loc-sense to a Floer curve u˜ : R×R→ P(H) as in the main theorem,
the key challenge is to be able to control the normal component u˜k,ℓ⊥ .
We emphasize that the proof of the following proposition uses not only
the bounds for the derivatives of u˜k obtained using bubbling-off analysis
in infinite dimensions, but also crucially relies on a deep result from
the theory of diophantine approximations obtained using methods from
analytic number theory.
Proposition 7.1. We have supk≥ℓ ‖u˜k,ℓ⊥ ‖∞ → 0 as ℓ→∞.
The proof of proposition 7.1 relies on the following lemmata. In
what follows we assume, without loss of generality, that the normal
component is small, so that the Riemannian metric is sufficiently well
approximated by the product metric.
Lemma 7.2. The L2-norm of ∂su˜
k,ℓ
⊥ can be bounded from above in
terms of the Hofer norm,
‖∂su˜k,ℓ⊥ ‖2 ≤ 2 |||Gk −Gℓ|||.
Proof. The proof of this lemma builds on lemma 8.1.6, remark 8.1.7
and the proof of theorem 9.1.1 in [10]; although they only treat the
case where the symplectomorphism φ is the identity, we claim that ev-
erything generalizes immediately to the case of φ = φ01. Introducing
the energies E(u˜k), E(u˜k,ℓ), E(u˜k,ℓ⊥ ) to be the L
2-norms of the corre-
sponding partial derivatives ∂su˜
k, ∂su˜
k,ℓ and ∂su˜
k,ℓ
⊥ after restriction to
R×[0, 1] ⊂ R×R, we clearly have E(u˜k) = E(u˜k,ℓ) + E(u˜k,ℓ⊥ ). On the
other hand, following lemma 8.1.6 in [10], we know that
E(u˜k) =
∫ +∞
−∞
∫ 1
0
(u˜k)∗ω +
∫ +∞
−∞
∫ 1
0
RGk,Tk (u˜
k) dt ds,
E(u˜k,ℓ) ≥
∫ +∞
−∞
∫ 1
0
(u˜k,ℓ)∗ω +
∫ +∞
−∞
∫ 1
0
RGk,Tk (u˜
k,ℓ) dt ds,
where RGk,Tk = ϕ
′
Tk
(s) · Gkt denotes the curvature of the Hamiltonian
Gk,Tks,t = ϕTk(s) · Gkt in the sense of ([10], 8.1). Note that the first
summands in both (in)equalities are indeed zero due to homotopical
reasons and in the second case we indeed just expect an inequality, as
in general u˜k,ℓ itself does not satisfy the Floer equation. On the other
hand, it is easy to see from the definition of the Hamiltonian curvature
that
RGk,Tk (u˜
k,ℓ) = RGℓ,Tk (u˜
k,ℓ) = RGℓ,Tk (u˜
k).
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Since RGk,Tk − RGℓ,Tk = RGk,Tk−Gℓ,Tk = ϕ′Tk(s) · (Gkt − Gℓt), we summa-
rizing obtain
E(u˜k,ℓ⊥ ) = E(u˜
k) − E(u˜k,ℓ)
≤
∫ +∞
−∞
∫ 1
0
RGk,Tk (u˜
k) dt ds −
∫ +∞
−∞
∫ 1
0
RGk,Tk (u˜
k,ℓ) dt ds
=
∫ +∞
−∞
∫ 1
0
RGk,Tk−Gℓ,Tk (u˜
k) dt ds.
Following remark 8.1.7 and the proof of 9.1.1 in [10], we know that the
last expression can be bounded by the Hofer norm of the Hamiltonian
curvature of Gk,Tk −Gℓ,Tk , which itself agrees with 2 |||Gk −Gℓ|||. 
In the case of finite-dimensional nonlinearities with supp(ψˆ) ⊂
{−ℓ, . . . ,+ℓ}, note that, instead of using Liouville’s theorem as in sec-
tion 4, we can alternatively employ the above lemma to prove that
E(u˜k,ℓ⊥ ) = 0 which in turn again immediately implies u˜
k,ℓ
⊥ = 0.
Lemma 7.3. The supremum norm of ∂su˜
k,ℓ
⊥ can be bounded in terms
of its L2-norm and the C1-norm of the differential T u˜k of the Floer
curve u˜k,
‖∂su˜k,ℓ⊥ ‖3∞ ≤
4√
π
· ‖∂su˜k,ℓ⊥ ‖2 · ‖T u˜k‖2C1.
Proof. The proof of this lemma follows from elementary estimates for
the integral of the non-negative function f = |∂su˜ℓ⊥|2 : R×R → R.
Note that over the disk of radius ‖f‖∞/(2‖Tf‖∞) around any maxi-
mum, the integral of f can be bounded from below by ‖f‖∞/2 · R2π,
which yields that
‖f‖3∞ ≤
8
π
· ‖f‖1 · ‖Tf‖2∞.
Computing all norms of f in terms of the corresponding norms of ∂su˜
ℓ
⊥
gives the above estimate. 
Finally, we now employ a deep result from the theory of diophantine
approximations, proven using methods from analytic number theory.
In essence we have to use that the irrational number π cannot be ap-
proximated too well by rational numbers.
Lemma 7.4. For every integer m with |m| > ℓ we have that the norm
corresponding component u˜km(s, t) of u˜
k,ℓ
⊥ (s, t) can be bounded by
|u˜km(s, t)| ≤ c · (m2 − n2)7 · |φ01(u˜k,ℓ⊥ (s, t))− u˜k,ℓ⊥ (s, t)|
with some fixed constant c > 0.
Proof. First we observe that for every m as above we have
|ei(m2−n2) − 1| · |u˜km(s, t)| ≤ |φ01(u˜k,ℓ⊥ (s, t))− u˜k,ℓ⊥ (s, t)|,
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where ei(m
2−n2) is just the corresponding eigenvalue of φ01. In order to
get the above bound for |u˜km(s, t)|, it hence suffices to bound the first
factor away from zero. On the other hand, it is well-known that the
sequence of eigenvalues ei(m
2−n2), m ∈ N of the time-one map of the
free Schro¨dinger equation φ01 in the coordinates around u
0
n has a subse-
quence converging to 1, which is known as the small divisor problem.
Assuming without loss of generality that ei(m
2−n2) is close to 1, note
that |ei(m2−n2) − 1| is approximated by
inf
p∈Z
|(m2 − n2)− p · 2π| = 2π · q · inf
p∈Z
∣∣∣ 1
2π
− p
q
∣∣∣ ≥ q · c
qr
with q = m2 − n2, some constant c > 0 and r > 0 denoting the
irrationality measure of (2π)−1 which equals the one of π and is known
to be smaller than 8 following [13]. 
Proof. (of the proposition) Fix some δ ∈ N. First it follows from lemma
5.2 that supk≥ℓ |||Gk − Gℓ||| · ℓδ → 0 for ℓ → ∞, which together with
lemma 7.2 implies that for the L2-norm of the normal component we
have supk≥ℓ ‖∂su˜k,ℓ⊥ ‖2 · ℓδ → 0 as ℓ → ∞. Since supk ‖T u˜k‖C1 < ∞
by proposition 6.1, it follows from lemma 7.3 that this continues to
hold true for the supremum norm, supk≥ℓ ‖∂su˜k,ℓ⊥ ‖∞ · ℓδ → 0 as ℓ →
∞. Since u˜k satisfies the Floer equation ∂¯u˜k = −ϕTk(s) · ∇Gkt (u˜k), it
follows that for the corresponding normal component we have ∂¯u˜k,ℓ⊥ =
−ϕTk(s) · ∇ℓ⊥Gkt (u˜k), where ∇ℓ⊥Gkt = ∇Gkt −∇ℓGkt denotes the normal
component of ∇Gkt . Together with supk≥ℓ ‖∇ℓ⊥Gkt ‖∞ · ℓδ → 0 as ℓ→∞
by lemma 5.2, it follows that we indeed have supk≥ℓ ‖∂tu˜k,ℓ⊥ ‖∞ · ℓδ → 0,
which in turn directly implies that
sup
k≥ℓ
‖φ01(u˜k,ℓ⊥ )− u˜k,ℓ⊥ ‖∞ · ℓδ → 0 as ℓ→∞.
On the other hand, using lemma 7.4, we find that
‖u˜k±ℓ±1‖∞ ≤ (c · 214) · ℓ14 · ‖φ01(u˜k,ℓ⊥ )− u˜k,ℓ⊥ ‖∞,
where we use that (±ℓ±1)2−n2 ≤ (2ℓ)2. Since δ ∈ N has been chosen
arbitrarily, it follows that we still have that supk≥ℓ ‖u˜k±ℓ±1‖∞ · ℓδ → 0
as ℓ→∞ for all natural numbers δ, which in turn is sufficient to prove
that
sup
k≥ℓ
‖u˜k,ℓ⊥ ‖∞ · ℓδ → 0 as ℓ→∞ for all δ ∈ N .
Note that here we crucially use that the infinite-dimensional nonlin-
earity is better approximated by finite-dimensional ones than that the
space period 2π is approximated by rational multiples of the time pe-
riod 1. On the other hand, in the case when the image of u˜k is not
contained in the coordinate chart around un, then the normal compo-
nent u˜k,ℓ⊥ is a section in an appropriate normal bundle to the image
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of u˜k,ℓ which remains trivial even after the image of u˜k,ℓ is no longer
contained in the coordinate chart. 
8. Completing the proof
We show now that the sequence of Floer curves u˜k = u˜kn,Tk : R×R→
CP2k ⊂ P(H), k ≥ n converges in the C∞loc-sense to a Floer curve
u˜ : R×R → P(H) as in the main theorem, possibly after passing to
a suitable subsequence. As in the finite-dimensional case, the idea
is to make use of elliptic bootstrapping to find a limit in the C∞loc-
sense. While we have already proven in proposition 6.1, using bubbling-
off analysis in P(H), that all the derivatives of u˜k are bounded as k
converges to infinity, note that this is not sufficient to establish the
existence of a C∞loc-limit due to the non-compactness of P(H). On the
other hand, we show below that the result in proposition 7.1 about
the normal component, proven using the diophantine approximation
result, provides us with the missing piece.
Lemma 8.1. After passing to a suitable subsequence, the sequence of
Floer curves u˜k = u˜kn,Tk : R×R → CP2k ⊂ P(H), k ≥ n converges in
the C∞loc-sense to a smooth map u˜ = u˜n : R×R → P(H) with u˜n(·, t +
1) = φ0(u˜n(·, t)) satisfying the Floer equation
0 = ∂¯u˜n − ϕ(s) · ∇Gt(u˜n),
where ∂¯ = ∂s+ i∂t denotes the standard Cauchy-Riemann operator and
ϕ is a smooth cut-off function with ϕ(s) = 0 for s ≤ −1 and ϕ(s) = 1
for s ≥ 0.
Proof. Before we can prove the statement using a diagonal sequence
argument, we first show that the result supk≥ℓ ‖u˜k,ℓ⊥ ‖∞ → 0 as ℓ → ∞
from proposition 7.1 indeed implies that supk≥ℓ ‖u˜k,ℓ⊥ ‖Cα → 0 as
ℓ → ∞ for all α ∈ N, that is, the normal component vanishes
(uniformly) with all derivatives. To this end, note first that it holds
that supk≥ℓ ‖u˜k,ℓ⊥ ‖p → 0. Since supk≥ℓ ‖∇ℓ⊥Gk‖Cα → 0 as ℓ → ∞, it
follows that also supk≥ℓ ‖∂¯u˜k,ℓ⊥ ‖α,p = supk≥ℓ ‖∇ℓ⊥Gk(u˜k)‖α,p → 0 for
all α ∈ N. Note that here we again use that supk≥n ‖u˜k‖Cα < ∞ by
proposition 6.1. Using the classical elliptic estimate for the ∂¯-operator,
it immediately follows that supk≥ℓ ‖u˜k,ℓ⊥ ‖α,p → 0 for all α ∈ N and
hence also supk≥ℓ ‖u˜k,ℓ⊥ ‖Cα → 0 as ℓ → ∞ for all α ∈ N. Indeed, since
in the proof of proposition 7.1 we show that supk≥ℓ ‖u˜k,ℓ⊥ ‖∞ · ℓδ → 0 as
ℓ → ∞ for all δ ∈ N, together with lemma 5.2 we actually get that
supk≥ℓ ‖u˜k,ℓ⊥ ‖Cα · ℓδ → 0 as ℓ→∞ for all (α, δ) ∈ N2.
By using a diagonal sequence argument, we know that, after pass-
ing to a subsequence, we may assume that the sequence of maps
u˜k,ℓ : R×R → CP2ℓ converges in the C∞loc-sense to a smooth map
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u˜ℓ : R×R → CP2ℓ as k → ∞ for all ℓ ≥ n simultaneously. Note that
here we crucially make use from the fact that, for fixed ℓ, the maps u˜k,ℓ
have image in the same finite-dimensional manifold CP2ℓ as k → ∞.
Now fix α ∈ N and restrict all maps to a given open subset. For given
ǫ > 0, we find ℓ ≥ n such that supk≥ℓ ‖u˜k,ℓ⊥ ‖Cα < ǫ/3. Since u˜k,ℓ → u˜ℓ
for this given ℓ, we find k0 ≥ ℓ such that ‖u˜k,ℓ − u˜k′,ℓ‖Cα < ǫ/3 for all
k, k′ ≥ k0. But together this gives
‖u˜k − u˜k′‖Cα ≤ ‖u˜k,ℓ⊥ ‖Cα + ‖u˜k,ℓ − u˜k
′,ℓ‖Cα + ‖u˜k
′,ℓ
⊥ ‖Cα < ǫ.
Note that here we again assume without loss of generality that all Floer
curves have image in the coordinate neighborhood around u0n. 
With this we can now finish the proof of the main theorem.
Proof. (of the main theorem) For every n ∈ N it remains to be shown
that the Floer curve u˜ = u˜n : R×R → P(H) connects the fixed point
u0n of the free Schro¨dinger equation with a fixed point u
1
n of φ1 and
that u1n 6= u1m for m > n ≥ 4. Fixing n ∈ N, for the first statement
we show that there exist sequences (s±γ ) of real numbers, s
±
γ → ±∞
with u˜n(s
±
γ , ·)→ u1n as γ →∞. In order to see the latter, note that as
in the finite-dimensional case, see the proof of proposition 4.2, that for
every γ ∈ N there exists γ ≤ |s±γ | ≤ 2γ such that∫ 1
0
|∂tu˜(s±γ , t)− ϕ(s±γ )XGt (u˜(s±γ , t))|2 dt <
π
2γ
.
In order to show that a subsequence converges, note that we can again
write the Floer map as a tuple,
u˜ = (u˜ℓ⊥, u˜
ℓ) : R×R→ (H /C2ℓ)× CP2ℓ,
where ‖u˜ℓ⊥‖∞ → 0 as ℓ→∞ due to proposition 7.1. By compactness of
CP2ℓ we know, possibly after passing to a subsequence, that for every
ℓ ≥ n the sequences u˜ℓ(s±γ , 0) converge. Together with u˜ℓ⊥(s±γ , 0) → 0
as ℓ → ∞ now proves that u˜(s+γ , 0) converges to a fixed point u1n of
φ1 and u˜(s
−
γ , 0) converges to the fixed point u
0
n of φ
0
1. In order to
see that u˜(s−γ , 0) indeed converges to the fixed point u
0
m of φ
0
1 with
m = n, it suffices to observe that for m > n ≥ 4 the action difference
|A(u0m) − A(u0n)| = (m2 − n2)/2 is greater than the uniform energy
bound given by π/2. Note that alternatively, we could make use of the
sequence of Floer curves u˜k : R×R → CP2k ⊂ P(H) converging to u˜
as follows: From the proof of proposition 4.2 we know that for every
γ ∈ N there exists γ ≤ |s±γ | ≤ 2γ such that∫ 1
0
|∂tu˜γ(s±γ , t)− ϕTγ (s±γ )XG,γt (u˜γ(s±γ , t))|2 dt <
π
2γ
,
where we note that ϕTγ (s) = 1 for s ∈ [0, 2Tγ] with Tγ = γ. Assuming
without loss of generality that u˜γ converges to u˜ in the C∞loc-topology
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as γ → ∞, the claim follows. Recall that the weaker asymptotic
condition is a consequence of the fact that we do not want to assume
that the nonlinearity is generic in the sense that all orbits are isolated.
In order to prove that we obtain sufficiently many different fixed
points of the time-one map φ1 of the given nonlinear Schro¨dinger equa-
tion of convolution type in the end, we want to make use of the fact
that, just as in the finite-dimensional case, they also can be distin-
guished by their symplectic action. A literal translation of proposi-
tion 4.3 again shows that the symplectic action A(u1n) of the path
u1n : R→ P(H), defined as∫
u˜∗0nω +
∫
u˜∗nω +
∫ 1
0
Gt(u
1
n(t)) dt,
is well-defined in the sense that it is independent of n ∈ N. Further-
more, for m > n ≥ 4 it holds that |A(u1m)−A(u1n)| > 1. 
Finally, we show how our findings imply the existence of infinitely
many different strong solutions of the original Hamiltonian PDE.
Proof. (of the corollary) In order to see that the path
u1n : R→ P(L2(S1,C)) provides us with a strong solution of the nonlin-
ear Schro¨dinger equation of convolution type as stated in the corollary,
we first choose a lift of u1n to a path in S(L
2(S1,C)) ⊂ L2(S1,C)
which is a weak solution of the nonlinear Schro¨dinger equation. This
provides us with a map u : R2 → C which automatically satisfies
the periodicity condition |u(t + 1, x)| = |u(t, x)| = |u(t, x + 2π)| for
all (t, x) ∈ R2. In order to prove that u is a strong solution of the
nonlinear Schro¨dinger equation, it suffices to prove that u is smooth.
Recall from the proof of proposition 7.1 that for the sequence of Floer
curves u˜k : R×R → CP2k converging to the Floer curve u˜ : R×R →
P(H) we know that supk≥ℓ ‖u˜k,ℓ⊥ ‖C0 · ℓδ → 0 as ℓ → ∞ for all δ ∈ N,
which in turn implies that ‖u˜ℓ⊥‖C0 · ℓδ → 0. But with this it follows
that for the Fourier coefficients of u(t, ·) : R→ C, t ∈ R we have
û(t, ·)(m) ·mδ → 0 as m→∞ for all δ ∈ N,
which is equivalent to the fact that every point (t, x) ∈ R2 all partial
derivatives ∂δxu(t, x), δ ∈ N exist. In order to show that u is also
smooth in the t-direction, we observe that by the proof of lemma 8.1
we actually have supk≥ℓ ‖u˜k,ℓ⊥ ‖Cα · ℓδ → 0 and hence ‖u˜ℓ⊥‖Cα · ℓδ → 0 as
ℓ → ∞ for all (α, δ) ∈ N2. But this now implies that for the Fourier
coefficients of ∂αt u(t, ·) : R→ C, t ∈ R we have
̂∂αt u(t, ·)(m) ·mδ → 0 as m→∞ for all (α, δ) ∈ N,
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which is equivalent to the fact that every point (t, x) ∈ R2 all partial
derivatives ∂δx∂
α
t u(t, x), (α, δ) ∈ N2 exist. 
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